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Introduction
Let (X, d) be a compact metric space, T be a continuous L-action on X with L = Z d or Z d + , d ≥ 1, and μ be a T -invariant Borel probability measure on X. Here Z + denotes the set of all non-negative integers N ∪ {0}. A point x ∈ X is called a generic point for μ if its empirical measure converges weakly to μ. We denote by G μ the set of all generic points for μ.
In this paper, we give the natural definition of the topological pressure of non-compact sets for general L-actions in Section 2, which was introduced by Pesin and Pitskel [11] for Z + -action. The aim of this paper is to show that, under some assumption on T , the equation
P G μ (T , ϕ) = h μ (T ) + ϕ dμ
(1.1)
holds for any T -invariant measure μ and any continuous function ϕ : X → R, where P G μ (T , ϕ) is the topological pressure of G μ for ϕ and h μ (T ) is the metric entropy of T with respect to μ. The present paper is largely motivated by the following result of Pfister and Sullivan [12, Theorems 3.1 and 3.2]. Let ϕ : X → R be a continuous function satisfying that −ϕ is an upper and weak lower-energy function for a certain reference measure m. If the ergodic measures of T are entropy dense and the entropy map of T is upper semicontinuous, then T satisfies the (level-two) large deviation principle for m and the rate function q(μ) := h μ (T ) + ϕ dμ (if μ is T -invariant). In this case, equation (1.1) states that the rate function q(μ) can be expressed as the topological pressure of G μ .
In the case of L = Z + , equation (1.1) is considered by several authors under some assumptions. Pesin and Pitskel [11] proved this for ergodic measures μ. We remark that their result can be extended to higher dimensional actions in a similar way to their proof (see [10, Theorem A2.1] ). Since the domain of the rate function q is the set of all T -invariant measures (not only ergodic measures), we also have to show (1.1) for non-ergodic measures μ. Recently, Pfister and Sullivan [13] proved this for non-ergodic measures μ under the assumptions that L = Z + , ϕ ≡ 0 and T has the g-almost product property. So we also require a higher dimensional version of the g-almost product property for T , which is called the almost product property (see Section 2) . Now we state our main result of this paper.
If a continuous L-action T has the almost product property, then, for any T -invariant measure μ and any continuous function ϕ : X → R,
Applying Theorem 1.1 (more precisely, Theorems 3.3(1) and 3.6), we can obtain the following variational principle (for a proof see also [13, Proposition 7 .1]):
If a continuous L-action T has the almost product property, then, for any α ∈ R and any continuous functions ϕ, ψ : X → R,
where
and λ n denotes the cardinality of the set n .
We give the definitions of the topological pressure for non-compact sets and the almost product property for L-actions in Section 2, and prove Theorem 1.1 in Section 3. We refer to [6] and [7] for ergodic theory of higher dimensional actions.
Preliminaries

Notation and basic notions
Let (X, d) be a compact metric space. A family of continuous transformations T :
where A denotes the cardinality of the set A. 
Let C(X, R) be the Banach space of continuous real-valued functions of X with the sup norm · ∞ , and let M(X) be the set of all Borel probability measures on X with the weak topology. Since C(X, R) is separable, there exists a countable set {ϕ 1 
For any x ∈ X and any finite subset ⊂ L, the empirical measure E (x) of x is defined by
where δ y stands for the δ-measure at the point y. For simplicity, we use the notation E n (x) instead of E n (x). A point x ∈ X is called generic with respect to an invariant measure μ ∈ M T (X) if, for any ϕ ∈ C(X, R),
holds. We denote by G μ the set of all generic points for μ. By the definition, G μ = {x ∈ X :
Topological pressure for non-compact sets
The generalization of the topological pressure of non-compact or non-invariant sets was introduced by Pesin and Pitskel [11] for Z + -action. In this subsection we consider the case of higher dimensional L-actions. Firstly we recall the classical topological pressure defined by Ruelle [14] . Let (X, d) be a compact metric space and T be a continuous L-action on X with L = Z d or Z d + , d ≥ 1 (in the rest of this paper, we always assume these conditions). For n ∈ N, x ∈ X and > 0, we set
holds. Then, for ϕ ∈ C(X, R), the classical topological pressure of ϕ is defined as
where S n ϕ(x) := h∈ n ϕ(T h x) and the supremum is taken over all (n, )-separated sets E. Now we define the topological pressure of any subset Z and any continuous function ϕ ∈ C(X, R) for T . For s ∈ R, M ∈ N and > 0, we set
where the infimum is taken over all := {B n i (x i , )}, which is a finite or countable cover of Z. Since the quantity M ϕ (Z, s, M, ) does not decrease with M, we can define
Then we can easily see that the following critical value exists:
Finally we set
which is called the topological pressure of Z for ϕ. The topological pressure of Z corresponding to the function ϕ ≡ 0 is called the topological entropy of Z, which we denote by h top (T , Z).
The topological pressure of non-compact sets for L-actions also satisfies most of the basic facts of that for Z + -action found in [10] . In particular, we can easily see that the following properties hold.
where HD θ (Z) stands for the Hausdorff dimension of Z with respect to the metric d θ defined in Example 2.1.
Proof. Parts (1) and (2) are clear by the definition. For m ∈ N and ω ∈ A L we define a cylinder set as
By the choice of the metric d θ of A L , it is easy to see that the s-Hausdorff outer measure of Z ⊂ A L can be expressed as
where the infimum is taken over all := {C m i (ω i )}, which is a finite or countable cover of Z with sup i diam C m i (ω i ) < δ and diam U denotes the diameter of a subset U . Let > 0 be sufficiently small and choose n ∈ N as θ −λ n+1 ≤ < θ −λ n . Then it also follows from the choice of the metric d θ on A L that
for all k ∈ Z + and diam(C j (ω)) = θ −λ j+1 . Thus comparing the two definitions, we obtain part (3).
2
Remark 2.2. By Proposition 2.1(3) and our main theorem, which we will prove in Section 3, we can conclude that the Hausdorff dimension of G μ coincides with h μ (T )/log θ for any shift-invariant measure μ on A L . This fact is related to a result of Grevich and Tempelman [4] , who have estimated the Hausdorff dimension of G μ for every Gibbs measure μ on more general shift spaces.
Almost product property
In this subsection, we define the almost product property, which is a weaker form of the specification property. The specification property for Z d -actions was introduced by Ruelle [14] . 
We say that a continuous L-action T has the specification property if, for any > 0, there exists M( ) ∈ N such that, for any k ∈ N, any x 1 , . . . , x k ∈ X and any collection of subsets in L,
In [13] , Pfister and Sullivan introduced the g-almost product property, which is a weaker form of the specification property defined as follows. Let g : N → N be a non-decreasing unbounded map satisfying g(n) < n and lim n→∞ g(n)/n = 0, which is called a blow-up function. A continuous transformation f : X → X has the g-almost product property with a blow-up function g if there exists a non-increasing function m : R + → N, such that, for any k ∈ N, any x 1 , . . . , x k ∈ X, any 1 > 0, . . . , k > 0 and any integers n 1 
. Now we define a higher dimensional version of the g-almost product property.
We say that a continuous L-action T has the almost product property if there exist a function g : N → N with lim n→∞ g(n)/n = 0 and a function m : R + → N such that, for any k ∈ N, any x 1 , . . . , x k ∈ X, any 1 > 0, . . . ,
In a similar way to the proof of Proposition 2.1 in [13] we can check that the specification property implies the almost product property. Furthermore, there is an example that does not have the specification property, but satisfies the almost product property. In the next example, we consider the F -shift, which is the generalization of the β-shift. 
F (x) mod 1 otherwise.
Let a 1 < · · · < a p be discontinuous points of f and set
Put A := {0, . . . , p} and consider the shift space (A Z + , σ ). We define (c i ) ∈ A Z + as c i = j if and only if f i (1) ∈ I j and set
Here the above order is the lexicographical order, which is defined by (a i ) < (b i ) if and only if a i < b i for the least index i with a i = b i . Then X F is a shift-invariant closed subset of the full shift. We call the restriction of σ into X F the F -shift. When F (x) = βx with β > 1, the F -shift coincides with the well-known β-shift. In the case of β-shifts it is known that the specification property holds only for a set of β of Lebesgue measure zero. Then in a similar way to the case of the β-shifts [13] , we can easily check that the F -shift has the almost product property. Example 2.3. We can construct an example of a higher dimensional action, for which the specification property does not hold but the almost product property is satisfied.
Let L = Z 2 + and X F i be an F i -shift defined as in Example 2.2 for i = 1, 2. We set A := A 1 × A 2 where A i is a finite set satisfying X F i ⊂ A Z + i (i = 1, 2), and
We call the restriction of the shift action {σ h : Clearly every (F 1 , F 2 ) -shift action does not satisfy the specification property.
We show that every (F 1 , F 2 )-shift action has the almost product property. Let (ω (1) h , ν
Then by the definition of the F 1 -shift, we have (ω (j,h 2 ) ) j ∈Z + ∈ X F 1 for any h 2 ∈ Z + (see [13] ). Similarly, for fixed
Moreover, by the definition of (ω h , ν h ) h∈Z 2 + , if we choose a blow-up function g : N → N and a function m : R + → N suitably, then we get
, which implies that the (F 1 , F 2 )-shift action has the almost product property.
Main theorem
Upper estimate of P G μ (T , ϕ)
The purpose of this subsection is to get an upper bound for P G μ (T , ϕ). For F ⊂ M(X), we set X n,F := {x ∈ X : E n (x) ∈ F } and set
where the supremum is taken over all (n, )-separated sets E n in X n,F .
For any sequence of (n, )-separated subsets {E n } and any ϕ ∈ C(X, R), we define σ n := y∈E n e S n ϕ(y) δ y z∈E n e S n ϕ (z) and
Assume that lim n→∞ μ n = μ, then lim sup
Proof. The following proof can be found in [6] and [9] . Let ξ be a finite measurable partition of X with diam A < and μ(∂A) = 0, where ∂A means the boundary of A, for all A ∈ ξ . Then we have
where ξ n := h∈ n T −h ξ . It follows from the definition of σ n that
Let m > 0 and n ≥ 2m. For h ∈ n , we set S(h) :
Then we can easily to see that
Therefore, each h ∈ m admits the estimate
Since h∈ m S(h) ⊂ n , by summing up the above over all h ∈ m we obtain 1 λ n log
Letting n → ∞ we get lim sup
for any m > 0, which proves the lemma. 2
Then, for any μ ∈ M T (X) and any ϕ ∈ C(X, R),
where the infimum is taken over all neighborhoods F of μ.
Proof. Lemma 3.1 enables us to show this in a similar way to the proof of Proposition 3.1 in [13] . 2
V (x) denotes the limit-point set of {E n (x)}. Then, for any ϕ ∈ C(X, R),
(2) For any μ ∈ M T (X) and ϕ ∈ C(X, R),
Proof. Without loss of generality, we may assume sup μ∈K (h μ 
Since ϕ is uniformly continuous, there exists * > 0 such that
Since N ϕ (F ; n, ) does not decrease if decreases, by Lemma 3.2 we have inf
We take an arbitrary 0 < < * . For any μ ∈ M T (X), there exist a neighborhood F (μ, ) of μ and an integer M(μ, ) > 0 such that
. Thus, if we set
Fix M ≥ max 1≤j ≤m M(μ j , ) and let E n,j ⊂ X n,F (μ j , ) be a maximal (n, )-separated set for n ≥ M and 1 ≤ j ≤ m . Since E n,j is also (n, )-spanning set of X n,F (μ j , ) (see [6, Definition 4.4 
.1]), we have
Thus by (3.1), (3.2) and (3.3) we obtain
Letting M → ∞, we get M ϕ ( K G, s, ) = 0, which proves part (1). The assertion (2) follows from part (1) since
Lower estimate of P G μ (T , ϕ)
The aim of this subsection is to obtain a lower estimate for P G μ (T , ϕ). First, we review some notions found in [13] . Let > 0, δ > 0 and n ∈ N. A subset E ⊂ X is called (δ, n, )-separated if, for any x, y ∈ E with x = y,
where E is a (δ, n, )-separated set in X n,F with maximal cardinality and
Proof. Since a (δ, n, )-separated set is also (n, )-separated, we have
where O denotes a constant function of X defined as O(x) ≡ 0 (x ∈ X). Thus it follows from Lemma 3.2 that lim
The other inequality follows from [12, Proposition 2.1] and so the lemma is proved. 2 (T ) and t > 0. Then there exist * > 0 and δ * > 0, which are independent of t, and
, where a i ∈ Q and μ i is ergodic, and
Proof. Let {μ x } be an ergodic decomposition of μ. Then, by the monotone convergence theorem and Lemma 3.4, we have
where the last equality follows from the affinity of the entropy map (see [5] ). Thus there exist * > 0 and δ * > 0 such that 
If a continuous L-action T has the almost product property, then, for any ϕ ∈ C(X, R) and μ ∈ M T (X),
Proof. We treat the case of L = Z d ; the case of L = Z d + uses similar ideas. Let h * < h μ (T ) and s * < ϕ dμ. Take h * < h < h < h < h μ (T ). By Lemma 3.5, there exist * > 0, δ * > 0 and, for any k, a finite convex combination of ergodic measures with rational coefficients
Let {ζ k } and {γ k } be two strictly decreasing sequences such that lim k→∞ ζ k = 0, lim k→∞ γ k = 0 and
Since X is compact, we can find a strictly decreasing sequence { k } with k ≤ * /4 and satisfying D(δ x , δ y ) ≤ γ k whenever d(x, y) ≤ k . By the definition we have
and so we can choose a strictly increasing sequence {n k } such that n k is divisible by n k−1 ,
We also choose two sequences {J k } and
Clearly,Ã j consists of A j cubes with side length 2n k − 1 and a i,k A j is an integer for each
. .} is a partition of Z d with very little gap. (The situation is sketched in Figures 1 and 2 for L = Z 2 .) It follows from (3.5) and (3.8) that
Sketch of the sets A 1 (which we denote by ×) andÃ 1 (solid box).
Let i,k be a (δ * , n k , * )-separated subset of X n k ,B(μ i,k ,ζ k ) with maximal cardinality, i.e.
Now we construct a subset G such that, for each x ∈ G, the T -orbit of x satisfies the following property. For j ≥ 1 with 
, we define three sequences {n j }, { j } and { j } as n j := n k , j := k , j := i,k and let
Then by (3.4), (3.10) and the choice of {n j }, { j } and { j }, we have We continue the proof of Theorem 3.6. By Lemma 3.7 and the fact that lim n→∞ λ M(n+1) /λ M(n) = 1, we can find an integer Q > 0 such that This inequality allows us to show that
in a similar way to the proof of Lemma 5.1(4) in [13] . So it follows from (3.13) and (3.14) that Since G is compact, we conclude that 
